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A formula for the number of partitions of n
in terms of the partial Bell polynomials
Sumit Kumar Jha
Abstract. We derive a formula for p(n) (the number of partitions of n)
in terms of the partial Bell polynomials using Faa` di Bruno’s formula
and Euler’s pentagonal number theorem.
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1. Main result
Definition 1.1. The partition function, denoted by p(n), gives the number of
ways of writing the integer n as a sum of positive integers, where the order
of addends is not considered significant.
Definition 1.2. For n and k non-negative integers, the partial (n, k)th par-
tial Bell polynomials in the variables x1, x2, . . . , xn−k+1 denoted by Bn,k ≡
Bn,k(x1, x2, . . . , xn−k+1) [1, p. 206] can be defined by
Bn,k(x1, x2, . . . , xn−k+1) =
∑
1≤i≤n,ℓi∈N∑
n
i=1
iℓi=n∑
n
i=1
ℓi=k
n!∏n−k+1
i=1 ℓi!
n−k+1∏
i=1
(xi
i!
)ℓi
.
Cvijovic´ [2] gives the following formula for calculating these polynomials
Bn,k+1 =
1
(k + 1)!
n−1∑
α1 =k
α1−1∑
α2 =k−1
· · ·
αk−1−1∑
αk =1︸ ︷︷ ︸
k
k︷ ︸︸ ︷(
n
α1
)(
α1
α2
)
· · ·
(
αk−1
αk
)
· xn−α1xα1−α2 · · ·xαk−1−αkxαk (n ≥ k + 1, k = 1, 2, . . .) (1)
We prove the following here.
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Theorem 1. We have
p(n) =
1
n!
n∑
k=1
(−1)k k!Bn,k(λ1, λ2, · · · , λn−k+1) (2)
where
λm =


(−1)
1+
√
1+24m
6 m! if 1+
√
1+24m
6 ∈ Z
(−1)
1−
√
1+24m
6 m! if 1−
√
1+24m
6 ∈ Z
0 otherwise.
. (3)
Proof. We begin by the following generating function [3, Equation 22.13]
∑
n≥0
p(n)qn =
∞∏
j=1
1
1− qj
. (4)
We recall the Euler pentagonal number theorem [3, Equation 7.8]
E(q) :=
∞∏
j=1
(1−qj) =
∞∑
n=−∞
(−1)nq
3n2+n
2 = 1−q−q2+q5+q7−q12−q15+q22+q26−· · · .
(5)
Let f(q) = 1/q. Using Faa` di Bruno’s formula [1, p. 134]
dn
dqn
f(E(q)) =
n∑
k=1
f (k)(E(q)) ·Bn,k
(
E′(q), E′′(q), . . . , E(n−k+1)(q)
)
,
Since f (k)(q) = (−1)
k k!
qk+1
and E(0) = 1, letting q → 0 in the above equation
gives
p(n)n! =
n∑
k=1
(−1)k k!Bn,k
(
E′(0), E′′(0), . . . , E(n−k+1)(0)
)
.
The Euler pentagonal number theorem (5) gives us
E(m)(0) = λm
where λm is as defined in (3). 
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